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1, 2) -VERTEX DOMINATION IN FUZZY LINE GRAPHS
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Abstract

A (1,2) - dominating set in a fuzzy graph G = (V,E) is a set S having the property that for every
vertex v in V — S, there is at least one vertex in S at distance 1 from v and a second vertex in S at
distance almost 2 from v. The minimum cardinality of (1,2) - dominating set in fuzzy graph G
is called the (1,2) - domination number in G and we denote it by y(1,2).The fuzzy line graph
L(G) of a fuzzy G =(V.E) is a graph with vertex set E(G) in which two vertices are adjacent if
and only if the corresponding edges in G are adjacent. We introduce (1,2) - domination number

of a fuzzy line graph and obtain some interesting results for the new parameter in fuzzy graph.
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1.Introduction

In 1975, the notion of fuzzy graph and several fuzzy analogues of graph theoretical concepts
such as paths cycles and connectedness are introduced by Rosenfeld [1]. Bhattacharya[2] has
established some connectivity regarding fuzzy cut node and fuzzy bridges. The concept of
domination in fuzzy graphs are introduced by A.Somasudaram and S.Somasundaram[6] in 1998.
The concept of (1, 2) domination in graphs are introduced by N. Murugesan & Deepa.S.Nair in [

4].In this paper, We analyze bounds on (1, 2) domination in fuzzy line graphs.

2. Preliminaries
Definition 2.1
A fuzzy subset of a nonempty set V is mapping [J: VI [1 [ [0, 1] and A fuzzy relation on V

is fuzzy subset of VV x V. A fuzzy graph is a pair G: ([ ,[J ) where [ is a fuzzy subset of a set V
and [ is a fuzzy relation on [ , where [ (1 (u,v) <[] (u) [J [ (v) 1 DuvllV
Definition 2.2

A fuzzy graph G=( o, W) is a strong fuzzy graph if p(u,v) = o (u) o (v) forall u, veV
and is a complete fuzzy graph if p(u,v) = o (u) o (v) for all u, veV. The complement of a
fuzzy graph G=(o, ) is a fuzzy graph G = (¢, )where =c and i (u,v) =  (u) o (V) -
M(u,v) for all u, veV
Definition 2.3

Let G=(o, M) be a fuzzy graph. Then D < V is said to be a fuzzy dominating set of G if
for every veV-D, There exists u in D such that i (u,v) = o (u) [Jo (v). The minimum scalar
cardinality of D is called the fuzzy dominating number and is denoted by y (G). Note that scalar

cardinality of a fuzzy subset D of V is |D| =),y o (V)

Y (0.4) v, (03)

v, (09 v4(02)

D={v:},(1 11 (G) =0.4
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Definition 2.4
A dominating set D of a fuzzy graph G = (], (1) is connected dominating set if the induced fuzzy
sub graph <D> is connected. The minimum cardinality of a connected dominating set of G is

called the connected domination number of G and is denoted by [ (G)

3.(1, 2) - Domination in fuzzy paths.
In this section we introduce (1, 2)- vertex domination in fuzzy line graphs. (1, 2)- vertex
domination in fuzzy line graphs is denoted by (1, 2)- domination in fuzzy line graphs and

corresponding some results.

Definition 3.1
A (1,2) - dominating set in a fuzzy graph G = (V,E) is a set S having the property that for every
vertex vin V - S There is at least one vertex in S at distance 1 from v and a second vertex in S at

distance almost 2 from v. The minimum cardinality of (1,2) - dominating set in fuzzy graph G is

called the (1,2) - domination number in G and we denote it by y(1,2).

Definition 3.2
The fuzzy line graph L(G) of a fuzzy G =(V.E) is a graph with vertex set E(G) in which two
vertices are adjacent if and only if the corresponding edges in G are adjacent. we denote a cycle

on n vertices by C,, a path by P, a star fuzzy graph on n vertices by Kj p.

Consider the following fuzzy paths,

1 2 3

&
e

Ps

{2} is a dominating set and {2,3} is a (1,2) - dominating set.

Py

{2,3} is a dominating set and also {2,3} is a (1,2) - dominating set.
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Ps

4 5 6

{2,5} is a dominating set and {2,3,4,5} is a (1,2) - dominating set.

1 2 3 4 5 6 7

Py

{2,5,7} is a dominating set and {2,3,4,5,6} is a (1,2) - dominating set.

2 3 4 5 6 7

L * - - > > -

Pg

{2,5,7} is a dominating set and {2,3,4,5,6,7} is a (1,2) - dominating set.

1 2 3 4 5 6 7 8 9
. . . . - . - . )
Py

{2,5,8} is a dominating set and {2,3,4,5,6,7,8} is a (1,2) - dominating set.

L ]
L ]
[
L ]
L ]

L ]
L ]
L ]
[ ]
y

|:’1[1

{2,5,8,9} is a dominating set and {2,3,4,5,6,7,8,9} is a (1,2) - dominating set.

From the above examples we have the following theorem.

Theorem 3.3(1,2) - dominating vertices of a path fuzzy graph Py, for n >4 is n-2.
Proof: Let P, be a path with n vy, vy, ...,vo. Then vy, vs, ...,v,.1 are adjacent to two vertices ,v; and
V, are adjacent to one vertex. That is n-2 vertices are adjacent to two vertices. Each vertex v; is

adjacent to vi.1. Therefore vertices, vi's are at distance one from vi.;. Each vertex vis, is at
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distance 2 from v;. So to form a (1,2) - dominating set we have to include all those vertices are
adjacent to two vertices. But there are n-2 vertices are adjacent to two vertices. Hence (1,2) -

dominating vertices is n-2.

Theorem 3.4 The dominating vertices of the path Py is less than (1,2) dominating vertices.
Proof: consider the above examples, we have dominating vertices of a path fuzzy graph P, is E]

In a fuzzy graph G, dominating vertices is less than or equals (1,2) dominating vertices. Let G be
a fuzzy graph and D be its dominating set. Then every vertex in VV-D is adjacent to a vertex in D.
That is, in D, for every vertex u, there is a vertex which is at distance 1 from u. But it is not
necessary that there is a second vertex at distance at most 2 from u. So if we find a (1,2)-
dominating set, it will contain more vertices or at least equal number of vertices than the
dominating set. So the dominating vertices is less than or equal to (1,2)- dominating vertices. In
particular, for paths dominating vertices is less than (1,2) dominating vertices. Hence the

theorem.

4. (1,2)-Domination in fuzzy cycles

Consider the following fuzzy cycles

G

{2,3} is a dominating set and {2,3} is a (1,2) - dominating set.

1

b
Lh

Gs
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{1,3} isa dominating set and {1,3,4} is a (1,2) - dominating set.

1

2 6

{1,4,6} is a dominating set and {1,3,4,7} is a (1,2) - dominating set.

From the above examples we have the following theorem.

Theorem 4.1 For cycle C,, n > 4, (1,2) - dominating vertices is %if nis even and (1,2) -

dominating vertices is n-2 if n is odd.

Proof: Every cycle C, have n vertices and n edges in which each vertex is adjacent to two

vertices. That is each vertex dominates two vertices.

Case 1: niis even.

Let v, Vo, ...,vy be the vertices of C,. v; and v, are adjacent. Also v; is adjacent to v, vy is
adjacent to vz and so on. Each vj, 1 < i < n is not adjacent t0 Vi, Vis3, Viss,..., Vn1. Let us
construct a (1,2) - dominating set. If we take the vertex vi,v; is adjacent to v, and v, and non-
adjacent to all other n-2 vertices. v; and v,.; are at distance 2 from v;. So we have to take v, and

any one of vs, vn.1 in the set. If we take v,, v, is adjacent to v; and v3 and non- adjacent to vg, Vs,
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... Vp. That is n-3 vertices and v, and v, are at distance 2 from v,. Similarly we can proceed up

to all the n vertices. Finally we get a (1,2)- dominating set containing vi, Va, Va4, Vs,.., V2. Hence

(1,2) - dominating vertices is % if niseven

Case 2: nis odd

If n is odd, we remove one vertex vy, then the other n-1 vertices form a path P,.; and n-1 is even.
But (1,2) - dominating vertices of P,.1is n- 3. These n-3 vertices and the vertex v; from a (1,2)
dominating set. Hence the cardinality of the (1,2) dominating set is n- 3+1. that is n-2. Hence

(1,2) - dominating vertices is n-2 if n is odd

5. (1,2)-Domination in fuzzy star graphs

Consider the following fuzzy star graphs.

{1} is adominating set and {1,2}is a (1,2) - dominating set.

1

2 3 4 5

{1} is adominating set and {1,2}is a (1,2) - dominating set.

1

{1} is adominating setand {1,2} is a (1,2) - dominating set.
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{1} isadominating setand {1,2}is a (1,2) - dominating set.

Theorem 5.1 For any fuzzy star K, ,, (1,2) - dominating vertices is 2.

Proof:

In a fuzzy star Ky, there are n+1 vertices v, vi, Vo, ...,Vy. V is adjacent to all other vertices v, vo,
o Vn. {V1, Vo, ...,vn} form an independent set. Each of vy, v, ...,v, are at a distance 1 from v and
each of v, , vs,...,v, are at a distance 2 from v;.So we can form a (1,2) dominating set as {v, v1}.

Hence (1,2) - dominating vertices is 2.
6.(1,2) - Domination in the fuzzy line graph of Py, Cp, Kip.

In this section first we discuss the fuzzy line graphs of paths, cycles and star graphs.
Consider the paths and the corresponding line graphs

1 2 3 -

P: - o—eo—+ L(P3): 1 5

P;

1 2 3 4 1 2 3
Py - @ * * * L(P4) o o
Py P

2 4 5 1 2 3 4

Ps: l o P4 i_; L(Ps) . . * .
Ps Py
Next consider the cycles and the corresponding fuzzy line graphs
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Cs: LG)
A 1
2 3 2 3
Ca: L(Cy)
1 2 1 2
3 4 3 4

Consider the following fuzzy star graphs and the corresponding fuzzy line graphs

Ko L(K;2)

1
——F—
1 2
Py
2 3
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K1_3: L(Kl .3)
1 1
2 3
[
2 3 4
Ki4: L(K14)
1
1 2
2 3 4 5
3 4

Theorem 6.1

(1,2) dominating vertices of L(Py,) is n-3.

Proof : P, has n vertices and n-1 edges and L(Pn) is Pn.; with n-1 vertices and n-2 edges. Then
by theorem 3.1, (1,2) - dominating vertices of P,.;with n-3. Hence (1,2) - dominating vertices

in the fuzzy line graph of L(P,) is n-3

Theorem 6.2 (1,2) - dominating vertices of L(C,) is %if nis even and (1,2) - dominating

vertices of L(Cy)

is n-2 if n is odd.

Proof: The fuzzy line graph of Cn, L(Cn) is Cn itself. So we can apply theorem 6.1 Hence (1,2) -

dominating

vertices of L(Cy) is % if niseven and (1,2) — dominating vertices is n-2 if n is odd

Theorem 6.3 (1,2) - dominating vertices of L(K1,n) is same as that of C,..
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Proof: The fuzzy line graph of K1,n is Cn. Then by theorem 6.2, (1,2)- dominating vertices of
L(K1,n) is gifn

iseven and is n-2 if nis odd.

7. Conclusion
(1,2) —vertex domination in fuzzy line graph is defined. Theorems related to this concept are
derived and the relation between (1,2) —vertex domination in fuzzy graph and (1,2) - vertex

domination in fuzzy line graphs are established.
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